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Abstract
We propose a model for the mechanical behavior of protein materials. Based on a limited number of
experimental macromolecular parameters (persistence and contour lengths, rate of unfolding dissipation)
we obtain the macroscopic behavior of keratin fibers (human, cow, and rabbit hair), taking into account
the damage and residual stretches effects which are fundamental in many functions of life. We support
our theoretical results by showing that our model is robust and able to reproduce with high quantitive
accuracy the cyclic experimental behavior of different keratinous protein materials we tested. We also show
the capability of describing, even if with lower precision, the dissipation and permanent strain effects in
spider silks.
1 Introduction
Experimental analyses (AFM, optical and magnetic
tweezers, nanoindentation) clearly show that the out-
standing elasticity, toughness, strength, and self-
healing properties [15, 2] of protein materials originate
from their secondary structure, characterized by the
presence of folded (crystal-like) domains, typically in
the form of α-helices or β-sheets, which can undergo
unfolding as a consequence of an applied displacement.
The efficacy of the unfolding mechanism is based on
the presence of a large number of non-covalent forces
[3], typically hydrogen-bonds, which act as sacrificial
joints. Being much weaker than the covalent peptide
bonds, these interactions can easily break, causing un-
folding phenomena (α → β transition or β domains
unfolding). Such unfolding prevents the backbone frac-
ture conciliating the typically conflicting requests for
high stiffness and toughness [4]. Indeed, the coop-
erative strength of non-covalent bonds provides pro-
teins with stability and stiffness before unfolding be-
gins, whereas the increase of the end-to-end length dur-
ing unfolding allows to accommodate large stretches
(20%-40%), resulting in high energy dissipation and
toughness.
Here we focus on two different classes of struc-
tural protein materials [5] known for their outstand-
ing performance: keratinous materials, which can be
found in wool, hair, cells intermediate filaments, ep-
ithelial cells and hooves, and silk, a valuable mate-
rial produced by spiders and silkworms. In the first
case the secondary structure is in the form of a α-
helices undergoing a transition to an almost straight
polypeptide chain in the form of β-sheets [6, 7]; whereas
in the second case the protein secondary structure is
in the form of (alanine rich) β-sheet folded domains
which undergo unfolding under stretching [8]. Both
silk and keratinous materials have attracted significant
attention for the design of new bioinspired materials
[2, 7, 4, 13, 14, 9, 10, 11], such as nano-polymers [9]
and block copolymers [10] in the case of spider silk and
hydrogels [11] in the case of keratinous materials. Pro-
tein unfolding occurring in the above listed proteins,
but also in others, like cytoplasmic IF proteins [15],
needs a deep comprehension as it is linked to many bio-
logical phenomena (i.e. mechano-transduction and cell
motility [16]) and human deceases, such as Alzheimer,
type II Diabetes, prion diseases, Parkinson [17].
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In this context, as in the case of multiscale dislo-
cation and defect theories in metal plasticity [18], a
significant advance of knowledge is strictly related to
the availability of models relating the material proper-
ties at the macromolecular scale to the macroscopic
response of wires and tissues [8, 19, 20, 21, 7, 2].
However, modeling complex phenomena, such as hard
domains stability under mechanical loading, differ-
ent behavior under thermal and mechanical loading
[22], asymmetric unfolding/refolding behavior under
cyclic loading, still represents a fundamental open task.
Molecular Dynamics approaches are limited by the
involved time scales [24, 23], whereas the possibility
of formally connecting the observed macroscopic rate-
independent dissipation with the micro rate-dependent
dissipation [25] can be provided by considering the evo-
lution in the multi-valley energy landscapes with three
different time scales of loading, thermal vibration, and
in-well relaxation [28, 16, 27].
Here, we follow a phenomenological approach and,
as in [21] and [12], we consider for the single molecule
under assigned elongation a phenomenogical Griffith
type approach assuming that the macromolecule un-
folds when the energy gain (evaluated as difference
of the two force-elongation curves between which the
macromolecule ‘jumps’) equals a material parameter,
representing the energy ‘dissipated’ in the mechanical
unfolding of the crystal. This approach is supported
by the experimental observation that the macroscopic
toughness (∼ 102MJ/m3) of the considered materials
corresponds to the energy of the H-bonds of the un-
folded fraction during elongation [30].
The contour length variations associated to the un-
folding effect can be similarly evaluated by the macro-
molecular stretching experiment [11]. Then, based on
a (slightly amended) affinity hypothesis [3] and the
James and Guth three-chains model [2], following [34]
we deduce the macroscopic behavior with damage and
residual stretch of protein materials and its analytical
relation with few key macromolecular material param-
eters that can be deduced by AFM experiments.
To show the ability of the model of reproducing the
experimental behavior we cyclically tested three differ-
ent keratin materials and spider dragline silk.
2 Micro-macro model
Macromolecule energy. Following a Griffith type
total energy minimization approach [12], as in [6] and
[35], we model a protein macromolecule as a lattice
of n two-states (folded/unfolded) domains (Fig.1a).
We define the state of the i-th domain through the
variable χi with χi = 0 (= 1) in the folded (un-
folded) state. For simplicity, since we are interested
in the unfolding regime, we neglect both the elastic
energy and the length of the folded domains. More-
over, we neglect non-local interactions (weak interac-
tion hypothesis). The total internal energy can then
be expressed as φe =
∑n
i=1 χiϕe(λ
i
rel), where ϕe de-
pends on the relative deformation λirel = li/lc of the
i-th unfolded domain, with end-to-end length li, con-
tour length (assumed constant) lc and persistent length
Lp. We also assume the limit extensibility condition:
limλrel→1 ϕe(λrel) = +∞.
b)
Figure 1: a) Scheme of second structure unfolding during an AFM molecule stretching and b) corresponding
force-elongation curve (reported in [11]). The sawtooth shape is due to unfolding of an increasing number of
domains with (c) reporting the related dissipated energy (OABCD path). In d) ‘continuum limit’ approximation
with constant unfolding plateau
2
Equilibrium requires a constant force lc
dϕe(li/lc)
dli
=
F and, under the hypothesis of convex ϕe, a constant
λirel = λrel = li/lc = L/Lc. Here, L =
∑
i χili is the
total end-to-end length and Lc =
∑
i χilc is the total
contour length of the unfolded fraction. As a result we
have φe = Lcϕe(λrel) = Lcϕe(L/Lc). Finally, by adopt-
ing the elastic energy density proposed in [12] we obtain
φe = φe(L,Lc) = κ
L2
Lc−L , where κ = kBT/(4Lp).
Let us now consider the configurational energy of
the different folded/unfolded states. Following [12]
consider an Ising type transition energy and a di-block
approximation (as supported by MD simulations [13],
see Supplementary Material, SM, for details), we end
up with a total energy φtot = κ
L2
Lc−L +
Lc
lc
Q depend-
ing on the single (history dependent) internal variable
Lc, where Q is the unfolding energy of the single hard
domain.
In Fig.1b we show the scheme of our minimization
procedure, requiring minimization of φtot in order to
get the transition unfolding length Lu (see Fig. 1c and
SM for details) corresponding to an increasing number
nu of unfolded domains. The system stays in a given
configuration (fixed folded fraction) until the elastic en-
ergy gain equals the unfolding energy Q. This energy
is then assumed as ‘dissipated’ by heat. The resulting
force-end to end length behavior, shown in Fig.1c, re-
produces the experimental behavior in [11] of the single
macromolecule.
Continuum macromolecule approximation.
Based on the observation of a large number of folded
domains (see SM), after introducing the dissipation
density q = Q/lc, we may consider a continuum limit
approximation which allows the chain total energy to
be rewritten as
φtot = φtot(L,Lc) = κ
L2
Lc − L + qLc, (1)
where now Lc can be considered a continuum variable.
The equilibrium force in the continuum case is
f =
∂φtot(L,Lc)
∂L
= κ
2LLc − L2
(Lc − L)2 . (2)
Under our Griffith fracture hypothesis of global energy
minimization (∂φtot/∂Lc = 0) we obtain
Lun ≡ Lmax = Lc√
κ/q + 1
, fun =
(
2
√
κ/q + 1
)
q.
(3)
As a result the protein unfolding behavior is character-
ized by a constant stress unfolding plateau, depending
only on the persistence length Lp and rate of dissipation
q as represented in Fig.1d (path OABCD).
Remark. Dashed lines in Fig. 1d) are unloading and
reloading paths. The introduction of partial refolding
upon unloading would let us to describe also internal
hysteric effects. Similarly, it would be possible to intro-
duce rate of loading dependent effects [37] upon con-
sidering a different macromolecular behavior [38].
Affinity hypothesis. As classical in polymer elastic-
ity [3], the main hypothesis for the deduction of the
macroscopic behavior is the affinity hypothesis which
assumes that the macroscopic stretches coincide with
the macromolecular ones. We here give an interpreta-
tion of the permanent deformations observed in protein
materials as a macroscopic counterpart of the variation
of the macromolecule natural configuration associated
with the unfolding of crystal domains and the availabil-
ity of new monomers (hidden length). We then extend
the affinity hypothesis by identifying both permanent
and elastic components of the macromolecular stretch
with the corresponding macroscopic counterparts. In
such a way we are also able to describe the important
permanent stretch effect.
To analytically describe this phenomenon we begin
by observing that for a given contour length Lc the
natural length (zero force) Ln of the entropic chain can
be expressed, according to a known result of Statistical
Mechanics (see e.g. [3]), as
Ln =
√
n¯ b =
√
Lc
b
b =
√
Lc b,
where b is the length of the Kuhn segments and n¯ is the
number of Kuhn segments of the unfolded chain frac-
tion. Thus, if we denote by Loc the initial value of the
contour length, the initial natural end-to-end length is
Lo =
√
Loc b. Then we may define the following stretch
measures (see SM):

λ = LLo , total stretch,
λe =
L
Ln
, elastic stretch,
λn =
Ln
Lo
permanent stretch,
λc =
Lc
Lo
limit extensibility stretch.
(4)
Macrosopic material behavior. Structural proteins
are composite materials of hard segments immersed
in an amorphous soft fraction of unfolded macro-
molecules. To describe the complex inter-chains in-
teractions and self avoiding effects, following the ad-
ditivity hypothesis in polymer elasticity [1], we deter-
mine the energy of the real network as the sum of
the energy of ideally isolated fibrils (folded molecules
in Fig.2b)) whose behavior is schematized in Fig.2a))
plus a network energy term measuring the chains in-
teractions: red springs in Fig.2b). Moreover, according
with the classical James and Guth three-chains model,
we assume that all chains are aligned along the three
principal macroscopic stretch directions. In particular,
3
Figure 2: Cartoon of the micro-macro scale transition. a) decomposition of the fibril stretch in elastic and
permanent stretch; b) sketch of the extension of a protein assembly in a three-chains scheme: red springs
represent the network Gaussian chains.
we suppose that the unfolding protein macromolecules
are oriented along the fiber direction, whereas the
amorphous soft fraction is supposed to be equally dis-
tributed along the three principal directions. For the
unfolding chains we assume the continuous limit energy
(10), force (11), unfolding forces (13), and stretches
(14) deduced above. The network effect is instead mod-
eled by simple Gaussian chains.
Thus, let (λ1, λ2, λ3) be the macroscopic principal
stretches, where λ1 is the stretch in the fiber direc-
tion. According to previous hypotheses, the macro-
scopic energy density can be calculated as Φ(λi) =
Nfibφtot(λ1) +
∑3
i=1
Nnet
3 φnet(λi). Here Nfib is the
number of macromolecules with unfolding domain, per
unit area of fiber section in the reference configura-
tion, and Nnet is the number of chains, per unit vol-
ume, reproducing the real chains network effect. The
network energy is modeled as Gaussian φnet(λi) =
kBT
2 (λ
2
i − 1) leading ([3]) to a neo-Hookean network
energy Φnet =
µ
2 (I − 3), where I =
∑3
i=1 λ
2
i is the first
invariant of the left Cauchy-Green deformation tensor
and µ = kBTNnet/3 represents the shear elastic mod-
ulus. On the other hand the energy of the unfolding
chains gives a history dependent term depending only
on λ1 stretch. In such a way we describe a fundamen-
tal effect with the damage localized along the (maxi-
mum elongation) fibre direction. It is worth noticing
that this damage anisotropy is crucial for an effective
derivation of the macroscopic permanent stretch.
Suppose now that the fiber (assumed incompress-
ible) undergoes a simple extension λ1 = λ and λ2 =
λ3 = 1/
√
λ. To take into account the confinement
effect we introduce a constant pressure p perpendic-
ular to the fiber skin. Thus, if σ = σ1 is the (Pi-
ola/engineering) principal stress in the fiber direction,
by using (11) and (14) and by imposing the bound-
ary conditions σ2 = σ3 = p, we get the stress-stretch
relation
σ=Nfibκ
2λ
λ¯c(λmax)
−
(
λ
λ¯c(λmax)
)2(
1− λ
λ¯c(λmax)
)2 +µnet(λ− 1λ2 )+ pλ√λ ,
(5)
where λmax = λ if λ˙max > 0, primary loading and
λmax = const if λ˙max = 0 unloading/reloading. Here
λmax is the previously maximum attained strain and,
by using (13),
λc = λ¯c(λmax) =
(√
κ
q¯
+ 1
)
λmax (6)
is the (limit) value of the stretch corresponding to the
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present value of the contour length.
3 Experimental validation
To prove the efficacy of our model we performed cyclic
tensile tests on two different types of material: keratin
hair materials and dragline silk.
We first consider keratinous materials, such as
human, cow, and rabbit hairs. The tests and the possi-
bility of reproducing the macroscopic behavior of these
keratin fibers are shown in Fig. 3.
a) b) c)
Figure 3: Cyclic tests on human a), rabbit b), and cow c) hair at room temperature and at a strain rate of 0.1
s−1. For the theoretical model we used in a) for human hair lp = 0.4 nm, T = 300 K, q = Q/lc = 45 kBT/nm,
µ = 44 MPa, p = −130 MPa, Nfib = 1018; in b) for rabbit hair lp = 0.45 nm; T = 300 K, q = Q/lc = 180
kBT/nm, µ = 280 MPa, p = −375 MPa, Nfib = 1018; in c) for cow hair lp = 0.33 nm; T = 300 K, q = Q/lc = 45
kBT/nm, µ = 200 MPa, p = −130 MPa, Nfib = 1018.
The macromolecular parameters are coherent with
the values reported in the literature. The values of
the persistent length match those reported in [7] where
lp = 0.4 nm. The values of the rate of dissipation
q = 45 kBT/nm agree with the value in [15] from which
one deduces that the energy for the mechanical un-
folding of a single amino acid is about 100 kcal/mol,
which corresponds to q = 59.6 kBT/nm, by assuming
an amino acid length of about 1 nm. A higher value
q = 180 kBT/nm is adopted for the rabbit hair and
this is due to the much higher experimental unfolding
stress (about 600 MPa) that we here interpret as a par-
ticularly high rate of dissipation q corresponding to a
higher energy barrier regulating the transition between
the folded and unfolded configuration. The number
N = 1018 of macromolecules per unit area corresponds
to a coiled-coil cross section of 1 nm as suggested in
[7].
It is important to point out that the only ‘macro-
scopic’ parameters of the model are the pressure p ac-
counting for the cuticle action [40] and the shear mod-
ulus µ of the amorphous fraction. To the knowledge of
the authors no value for the confinement pressure p is
available, whereas different methods like torsional and
traverse extension and torsion tests can be adopted to
evaluate µ (the values considered here are compatible
with the results reported in [41]). Despite the simpli-
fication of the model it quantitatively well repro-
duces the stiffnesses, the residual stretches, the dam-
age softening, and the sudden softening corresponding
to the reconnection to the primary loading curve (Re-
turn Point Memory) of the fiber whose damage and
residual stretches are regulated by the previous maxi-
mum value of the stretch.
In Fig. 4 we reported the cyclic behavior of a spider
silk produced by a cellar spider (Pholcus phalangioides
in the inset of the figure). For sample preparation, the
spider was left to fall down toward the ground and
during its falling it produced its dragline silk, which
we collected and glued on a paper frame, resulting in a
fiber with 1 cm length and a diameter of about 1 µm.
The outstanding mechanical properties observed in
the macroscopic material behavior is the result of a
complex multiscale organization and a five layers skin-
core structure [42]. While a complete description of
such behavior would ask to take care of this complex
structure that extends to the microscale in a hierar-
chical architecture [43], here we focus, based on the
introduced model, on the main source of dissipation,
induced by the hard-soft transition [35] of the crys-
talline fraction, in form of alanine rich β-sheets, un-
dergoing unfolding under increasing strain [8, 30]. The
skin has a confinement effect inducing a prestretch in
the aligned macromolecules rich of β-sheets belonging
to the core and counterbalanced by the skin pressure
[30]. Comparison of supercontracted vs native silks in
5
Figure 4: The dragline silk sample of the spider in the inset underwent loading/unloading cycles tested through
a nanotensile machine (Agilent UTM 150) at room temperature and at a strain rate of 0.1 s−1 (experimental
behavior-continuous line, theoretical model-dashed lines). Here we assumed lp = 0.78 nm, lc = 25 nm, N
fib =
4.75× 1018 m−2, Q = 550kBT , T = 300 K, µ = 670 MPa, p = −400 MPa.
[30] determined this pressure to be about 500 GPa.
Specifically in this case the skin undergoes plastic de-
formation [42] that, following again [30] we model as a
constant pressure p = 400 MPa in the deformed con-
figuration (this corresponds to substituting the term
p
λ
√
λ
in (5) with pλ ). The matrix contribution is again
modeled through a Neo-Hookean material.
Also in this case the values of the macromolecules
characteristic parameters are taken from the litera-
ture. In fact we considered the values lp = 0.8 nm
and lc = 25 nm estimated in [30, 44] and [8], the un-
folding energy Q = 625 kBT agrees with the values
estimated in [12]; the number of fibers per unit area
Nfib = 4.75 × 1018 (per square meters) reflects the
results in [45, 46].
While the model neglects important effects such as
the observed presence of crystal domains in the ma-
trix [30, 47], the observation that the behavior at small
stretches is typically regulated by both the amorphous
fraction and the tertiary structure [11, 43], the impor-
tance of hierarchical structure and energy exchange
among different scales, Fig.4 shows that it can cap-
ture at least qualitatively, but with less quantitative
precision, the fundamental phenomena of damage and
residual stretches. In particular we may observe the
ability of estimating the dissipated energy, that for the
considered spider is about 75 MJ/m3 and it is in agree-
ment with the value reported e.g. in [30] (130 − 190
MJ/m3).
Our results show that it is possible to model with
high precision the complex mechanical behavior of ker-
atineous protein materials starting from few known
molecular properties and, even if with less quantita-
tive precision, also the experimental behavior of spi-
der silk. This represents in our opinion an impor-
tant step forward in the comprehension of the link be-
tween the properties of protein secondary structure and
the macroscopic material properties (toughness, stiff-
ness and large deformations prior to fracture, residual
stretches), which can be of great importance for better
understanding protein materials and for designing new
smart bioinspired materials.
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SUPPORTING INFORMATIONS
The sketch of the multiscale behavior of an air protein fiber is schematized in Fig.5. The main assumptions
introduced to derive our multiscale model are the following (Fig.6).
a) Additive assumption. Following a classical approach in polymer elasticity [1] (Fig. 6c), the energy of
the protein network is the sum of the energy of ideally non interacting unfolding chains plus a term (modeled
as simple Gaussian chains) accounting for the real network chains interactions.
b) Wang and Guth hypothesis. All macromolecules are aligned along the principal axes (Wang and Guth
scheme [2], Fig. 6c) and undergo the macroscopic stretches (affinity hypothesis [3]). Since protein fibers (both
silk [4] and keratin [5]) are produced as highly oriented filaments densely packed in a less-ordered matrix, macro-
molecule unfolding occurs along the fiber direction, whereas the amorphous soft fraction is equally distributed
along the principal directions.
c) Skin-core effect. The fiber behavior is strongly influenced by its skin-core structure ([6], supercontraction
[7], confinement [8] and prestretch of the inner chains [9]) here considered by imposing on the fibers a transversal
pressure p.
Remark. This scheme extends the model in [10] to consider anisotropic damage: only macromolecules along the
fiber direction undergo unfolding. This is fundamental for the experimental effect of permanent stretches.
Figure 5: Multiscale approach for modeling protein materials like human hair under stretching. When a hair
is stretched, the α-helix structures undergo a coiled-coil transition to an almost straight polypeptide chain in
the form of β-sheets.
Macromolecule energy AFM experiments [11], schematized in Fig.6a,b shows that a protein macromolecule
experiences a sequence of periodic unfolding effects events as a consequence of an increasing applied displace-
ment. This results in a contemporary entropy and contour length increase (hidden length: increased number of
free monomers), energy ‘dissipation’ (Q in the figure) due to H-bonds disruption.
Since typically no partial unfolding occurs (either all or none of the domains unfold), following [12] we model
the macromolecule as a lattice of n two-states (rigid-folded/entropic-unfolded domains) whose elastic energy
was shown in the text to be equal to φe = Lcϕe(λrel) = Lcϕe(L/Lc), where L is the end-to-end length of the
macromolecule, Lc its contour length, ϕe is the free energy per unit length.
Let us consider now the configurational energy of the different folded/unfolded states. Following [12] (and
references therein) here we consider an Ising type transition energy
φtr = −
n∑
i=1
(Q− J)(1− χi)− J
n−1∑
i=1
(1− χi)(1− χi+1)
= −
n∑
i=1
Q(1− χi) + Jnbf ,
where nbf is the number of contiguous folded blocks in the folded/unfolded configuration, Q is the unfolding
energy of the folded domains (considered constant) and J is a penalizing ‘interfacial’ energy term. By introducing
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Figure 6: a) Cartoon showing the deformation induced chain unfolding, where the total stretch λ is given by
the product of the elastic stretch λe and the permanent stretch λn. b) Force-elongation path (OAaBbCcDd)
with natural length variation resulting by energy balance (path Cc). c) Micro-macro multiscale network. d)
Continumm limit approximation
the probability function p = p(L, nu, nbf ) of a state of the macromolecule with end-to-end length L, nu unfolded
domains, and nbf continuous folded blocks, the total energy (here T is the temperature and kB the Boltzmann
constant) can be expressed as
φtot = −kBT ln[p(L, nu, nbf )] = kBTΩ(nu, nbf ) exp(−φe(L,nu)kBT ) exp(−
φtr(nu)
kBT
)
= φe(L, nu) + φtr(nu)− TS(nu, nbf ),
where Ω(nu, nbf ) is the number of sequences with assigned nu and nbf and S(nu, nbf ) = −kB ln Ω(nu, nbf )
represents a mixing entropy component. By the di-block approximation, assuming always a single connected
internal unfolded domain inside two boundary-folded domains (nbf = 1 as supported by the MD simulations in
[13]), we neglect the mixing entropy term and the total (entropic plus unfolding) energy is simply
φtot = φe(L, nu) + nuQ+ const. (7)
Regarding the entropic energy of the unfolded fraction we here adopt the elastic energy density proposed
in [12] (this choice allows for analytic computations and keeps the same asymptotic behavior as l → lc of the
WLC model):
ϕe = ϕe(l, lc) = κ
l2
lc − l , (8)
where κ = kBT4Lp and Lp is the persistence length. Thus, using the obtained strain homogeneity result in the
entropic fraction, the total elastic energy is φe = κ
L2
Lc−L which allows (7) to be rewritten as
φtot = κ
L2
Lc − L + nuQ. (9)
In the spirit of the Griffith approach [14], following [15], we assume that for the given end-to-end length the
configuration of the chain is attained by the minimazation of the total energy (9). The approach is schematized
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in Fig.6b where the system undergoes an unfolding transition (stress drop Cc in the figure) as soon as the
entropic energy gain equals the (hentalpic) unfolding energy Q (gray area in the figure). The efficacy of this
approach for the single chain has been evidenced in [12].
Continuum limit To derive the macroscopic energy of a material consisting of a number of macromolecules,
following [16] we begin by considering the continuum approximation of the macromolecular discrete lattice. To
this end we fix the total unfolded length L1c = nlc and consider the limit when both lc → 0 and n → ∞ (see
[17] for a similar approach in the case of biological adhesion and [16], [18] for a rigorous thermodynamical
justification of this approach). After introducing the continuous variable x ∈ (0, L1c) – such that the i-th link
corresponds to x ∈ (i lc, (i + 1)lc), i = 1, ...n – and the dissipation density q = Q/lc, the total energy for the
continuum limit chain is
φtot = φtot(L,Lc) = κ
L2
Lc − L + qLc. (10)
The equilibrium force is given by
f =
∂φtot(L,Lc)
∂L
= κ
2LLc − L2
(Lc − L)2 , (11)
whereas the driving force g conjugated to the variation of the contour length Lc (i.e. with the percentage of
unravelled domains) is given by
g = −∂φtot(L,Lc)
∂Lc
= κ
L2
(Lc − L)2 − q.
The Griffith approach fixes the dissipation rate g = gˆ, where gˆ is a given material parameter here assumed null
(global energy minimization).This gives for given Lc the unfolding length
Lun ≡ Lmax = Lc√
k/q + 1
, (12)
and a constant unfolding force (Fig.6d)
fun =
(
2
√
k/q + 1
)
q. (13)
To apply the fundamental affinity hypothesis we need to determine the evolution of chain stretches and equal
them to the macroscopic ones. We begin by observing that for a given contour length Lc the natural length
(zero force) Ln of the entropic chain can be expressed, according to a known result of Statistical Mechanics (see
e.g. [3]), as
Ln =
√
n¯b =
√
Lc
b
b =
√
Lc b,
where b is the length of the Kuhn segments and n¯ is the number of Kuhn segments of the chain in the present
configuration. Thus, if we denote by Loc the initial value of the contour length, with L
0
c = n0lc and n0 the initial
value of the unfolded domain, we have that the initial natural end-to-end length is
Lo =
√
Loc b.
Thus we may define the following stretch measures:
λ = LLo , total stretch,
λe =
L
Ln
, elastic stretch,
λn =
Ln
Lo
permanent stretch,
λc =
Lc
Lo
limit extensibility stretch.
(14)
We then obtain, using (11), the force-stretch relation
f=κ
2λ
λ¯c(λmax)
−
(
λ
λ¯c(λmax)
)2
(
1− λ
λ¯c(λmax)
)2 (15)
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where λmax is the previously maximum attained strain and, by using (13),
λc = λ¯c(λmax) =
(√
κ
q¯
+ 1
)
λmax, (16)
is the stretch corresponding to the present value of the contour length.
The obtained continuum limit behavior is described in Fig.6d. Under assigned growing end-to-end length
(λmax ≡ λ and λ˙ > 0) the macromolecule stretches elastically until the threshold f = fun is attained and
the macromolecule unfolds along a stress plateaux (path O-A-E). If the system is unloaded (λ < λmax and
λ˙max = 0) the system follows different paths (paths Bb, Cc, Dd) with permanent stretches growing with λmax.
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